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Application of Pseudospectral Methods
for Receding Horizon Control
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Introduction

HE design of controllers for nonlinear systems is not always

easy, and it is often proposed to segment trajectory optimiza-
tion problems into offline and online control tasks, particularly for
complex systems.! The offline phase is devoted to solving the full
nonlinear optimal control problem, whereas the online phase usually
involves employing a neighboring optimal feedback control strat-
egy based on the linearized dynamics. Because the optimal trajectory
is time varying, the neighboring feedback controller traditionally
relies on solving the time-varying two-point boundary value prob-
lem by a backward sweep of the Riccati equation or by transition
matrices.? This is often both time consuming and numerically un-
stable. Furthermore, there is no guarantee that perturbations around
the reference trajectory will be small, and so applying the linearized
equations may not be valid in some cases. To overcome these dif-
ficulties Ohtsuka and Fujii® proposed a receding-horizon control
strategy for nonlinear systems based on the stabilized continuation
method. Ohtsuka* has extended the method to time-varying sys-
tems. This method relies on the explicit integration of the states and
costates derived from the calculus of variations and requires fine tun-
ing the stabilization parameters to obtain satisfactory convergence.
Yan et al.’ present a method for solving linear quadratic optimal con-
trol problems by transforming the linear time-varying equations into
a set of discrete linear algebraic equations using the Legendre pseu-
dospectral method. Yan et al.® use the approach of Ref. 5 to generate
the inner feedback loop of a two-degree-of-freedom control system.
Their method is based on a neighboring optimal control strategy to
minimize deviations from the optimal trajectory. Lu' has proposed a
receding-horizon strategy for precision entry guidance based on an
Euler-Simpson approximation of the quadratic programming (QP)
problem. Lu! employs a Simpson approximation for the integral
cost and Euler approximations for the state derivatives. In this way,
Lu solves the QP problem analytically to obtain approximate con-
trol laws. Whereas the methods proposed by Yan et al.>® and Lu'
do not require any explicit integration, they are still based on the
assumption that deviations from the reference trajectory are within
the linear approximation.

Received 10 September 2003; revision received 9 November 2003;
accepted for publication 18 November 2003. Copyright © 2003 by Paul
Williams. Published by the American Institute of Aeronautics and Astronau-
tics, Inc., with permission. Copies of this paper may be made for personal
or internal use, on condition that the copier pay the $10.00 per-copy fee to
the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA
01923; include the code 0731-5090/04 $10.00 in correspondence with the
CCC.

*Ph.D. Candidate, School of Aerospace, Mechanical, and Manufactur-
ing Engineering, 15 Ellindale Avenue, McKinnon; tethers@hotmail.com.
Student Member ATAA.

In this Note, a method for solving nonlinear receding-horizon
control problems by pseudospectral approximations is presented.
The proposed solution method approximates the nonlinear receding-
horizon control problem with successive linear approximations ob-
tained via the method of quasi linearization. Each linear problem
is solved by discretizing the two-point boundary value problem ob-
tained from the calculus of variations using a Jacobi pseudospectral
method. This allows the linear problem to be solved using matrix
algebra. The approach is very similar to that used by Yan et al.,’
except that a quasi linearization algorithm is first applied to the
nonlinear problem. Another important difference between the pro-
posed method and that of Yan et al.® is the way that the boundary
conditions are incorporated. Yan et al.’ use a matrix partitioning
approach to obtain feedback control laws from an overdetermined
set of equations. In this Note, however, the boundary conditions are
applied directly in a similar manner to that done when solving par-
tial differential equations by pseudospectral methods.” The method
is applied to the difficult problem of retrieving a subsatellite using
a flexible tether.

Theory

Consider the nonlinear receding horizon control problem of find-
ing the control input u(¢) that minimizes the performance index
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subject to the state equations and initial conditions

x = flx(0),u(0), 7l, x(t=1) =x(1) 2
where x(t) € R" is the state vector, x,(t) € R" is the desired state
vector, u(t) € R™ is the vector of control inputs, u,(t) € R™ is the
desired control input, # € R is the time, t € [f, f + T] € R is the time
variable used to predict the future system state, ¥ € R?, p <n, is
the desired vector of values for the linear combination of desired
final states [M ;x(¢t + T)], Q is a positive semidefinite matrix, N is
a given matrix, R is a positive definite matrix, S is the positive
semidefinite terminal weighting matrix, M is a given matrix, and
T is the length of the future horizon. Note that there is a distinction
between the state and control variables used for predicting the future
state, parameterized by t, and the actual state and control variables,
parameterized by ¢. Once the problem defined by Eqgs. (1) and (2)
is solved, the actual control input is applied at the current time by
u(t)=u(t =t).

To solve this problem, we employ the method of quasi lineariza-
tion in a manner similar to that by Jaddu® and Xu and Agrawal.’ In
this method, the performance index is expanded up to second order
and the system equations are expanded to first order around nominal
trajectories. The solution to the original problem is obtained by solv-
ing the sequence of resulting linear optimal control problems. This
differs from other methods of quasi linearization that first apply the
necessary conditions for optimality and then linearization, where an
update parameter is employed to aid convergence.'” Application of
the method of quasi linearization to Egs. (1) and (2) results in the
following sequence of linear optimal control problems: To minimize
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where
A(x) = w .
* x()u(T)
B(r) = OO 7] o
. x(7).u(7)
w(t) = flx(r), u(r), 1] —A(r)x — B(v)u (7

and x(7), u(t) are the state and control vectors from the preceding
iteration, whereas X(t) and u(t) are the state and control vectors
for the current iteration, respectively.

The Hamiltonian for the linear problem is given by
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where X € R" is the vector of costates for the current iteration. The
costate equations and the corresponding boundary conditions are
obtained from the calculus of variations,?
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The optimal control input is given by the stationary condition

d
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Hence, the necessary conditions for the optimal control are given as
follows
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with the boundary conditions

(=1 =x(1), )\(t-l-T):M;—Sf[Mffc(t+T)—¢] (12)

Equations (11) and (12) constitute a linear two-point boundary
value problem (TPBVP). The TPBVP may be solved algebraically
by pseudospectral methods following the idea used by Yan et al.’
In this approach, the state and costate variables are expanded into
Nth-degree Lagrange polynomials with the values of the states and
costates at the Jacobi—-Gauss—Lobatto (JGL) points as the expansion
coefficients

N N
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13)
where ¢; () are the Lagrange interpolating polynomials. When this
technique is used, the derivatives of the interpolating polynomials
may be calculated exactly by way of a differentiation matrix. That
is, we have
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N, are the extrema of the Nth-degree Jacobl polynomial Py, (8 )

the interval [—1, 1], including the endpoints, and Dy; are entries of
the (N + 1) x (N + 1) differentiation matrix,!!
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Note that the factor 2/T in Eqgs. (14) arises from the transforma-
tion from the computational domain [—1, 1] to the physical domain
[t, ¢+ T]. Also note that Yan et al.> employ a Legendre differen-
tiation matrix rather than the more general Jacobi differentiation
matrix given by Eq. (15), although any differentiation matrix could
be used in the Yan et al.’> formulation. Because the differentiation
matrix relates the derivative of the states and costates to the values
of the states and costates via a linear matrix, the state and costate
equations can be written as a set of linear algebraic equations by
collocating at the JGL nodes as follows:
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The boundary conditions may be incorporated by replacing the first
n equations in Eq. (16) with

X(to) = x(1) 13)
and the last n equations in Eq. (17) with

A(ty) — M[S ;M &(ty) = —M ]S 4 (19)

This differs slightly from the method used by Yan et al.,> who solve
the set of overdetermined equations [Eqgs. (16-19)] using matrix

partioning and QR decomposition, whereas in this work the state and
costate equations at the boundaries are replaced with the appropriate



312 J. GUIDANCE, VOL. 27, NO. 2: ENGINEERING NOTES

boundary conditions. Equations (16-19) may be written in matrix b) Update the control trajectory using the solution from step 4a
form as and Eq. (10).
c¢) Repeat steps 4a and 4b using the solution from the previous
Az=B (20) iteration as initial guess until the norm of the change in trajectory
is within a prescribed tolerance or a given number of iterations is
where exceeded.
Ax,\’ Ax)» . T
A= [AM AM]’ B={5". 5" @n
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and I is an n x n identity matrix, 0 is an n X n zero matrix, and 5) Apply receding-horizon controller: Apply the control input at
Dy =[2D;/T11. the current time by interpolating the converged controls from step 4,

The solution to Eq. (20) may be obtained using straightforward and repeat steps 2—4 until t =1;.
techniques from linear algebra. The procedure for implementing the The proposed controller is relatively simple to program and does
receding-horizon control for the nonlinear problem may be summa- not require any explicit trajectory propagation techniques. In addi-
rized as follows. tion, the form of the equations is identical for time-varying and linear
1) Begin with receding horizon initialization: Select a suitable systems, which should be contrasted with the technique proposed by
horizon length 7 and desired trajectory. Ohtuska,* which requires significant modifications for implementa-
2) Apply quasi linearization: Expand the system dynamics to tion with each new system. In the case where the system dynamics
first order using Eqgs. (4-7) and guess nominal trajectories for the are linear, step 4c may be omitted because convergence is achieved
interval [z, t + T']. A suitable guess would be the reference or desired in one iteration. The proposed control method is attractive from the
trajectory. point of view of accuracy and computational speed. It retains the
3) Apply pseudospectral discretization: Select an appropriate dis- accuracy of indirect trajectory optimization techniques, while re-
cretization level N and the Jacobi parameters « and . These param- ducing the computation time by converting the TPBVP to a system
eters are problem dependent and may need to be adjusted to achieve of linear algebraic equations.
the desired combination of speed and accuracy. The proposed method combines a spectral method with quasi
4) Solve the sequence of TPBVP: linearization. Sufficient conditions for the existence of a solution

a) Solve the linear system of Egs. (20). require that’ 1) f is continuously differentiable, 2) S, is positive
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semidefinite, 3) R is positive definite, and 4) Q is positive semidef-
inite. Xu and Agrawal® have proved that the method of quasi lin-
earization converges to the solution of the nonlinear problem for
systems that exhibit polynomial representations under the condi-
tion that R is sufficiently large. If the preceding assumptions are
satisfied, then according to standard convergence results from spec-
tral theory,'>! the proposed algorithm will converge at a spectral
rate with N.

Numerical Example

The problem of retrieving a satellite connected to a large space
platform by a flexible tether is considered. Two separate models
of the tether system are used in this Note. The first, which is used
in the control law, models the tether as a massless, inelastic rod.
The only control input to the system is considered to be changes
in tether length implemented by tension control at the deployer.
The system under consideration is shown in Fig. 1. The mass of
the subsatellite is considered to be negligible compared to the tether
platform, and consequently, the tether platform is assumed to remain
in an unperturbed Keplerian orbit. The equations of motion for the
system may be derived via Lagrange’s equations, and the resulting
nondimensional equations for the in-plane motion are given by (see
Ref. 14)

0" = —=2(0"+ 1)(A'/A) — 3sinf cosd
A =A[@ +1)>+3cos’0 —1]—u (28)

where 6 is the in-plane libration angle, A(=//L) is the non-
dimensional tether length, [ is the tether length, L is the nominal
deployed tether length, u(= T/ (mw”L)) is the nondimensional ten-
sion control input, m is the mass of the subsatellite, ()’ =d/d(wt)
is the nondimensional time derivative, and w is the orbital angular
velocity of the tether platform. The second model, which is used
to simulate the controller, treats both the tether mass and flexibility
by discretizing the tether into a series of point masses connected by
springs.'*

To demonstrate the speed of the proposed method compared to
using a commerical nonlinear solver such as NPSOL,"S we first
consider the problem of minimizing the performance index

1 6
J =[100° + 50(A — 1)*], 6 + 3 f [100% + 56" + 10(A — 1)°
0

+ A%+ w—-3)2dr (29)

subject to the state equations (28) and the initial conditions
0,60, A, A')|.—o=[-50deg, 0, 0.3, 0]. A comparison of the cost
functions and computation time using the Legendre pseudospectral
method (see Ref. 16) in NPSOL'> with analytical Jacobians and
default tolerances is presented in Table 1. Initial guesses for the
trajectories are selected as (6,6, A, A’,u)=(0,0, 1,0, 3). Con-
vergence for the quasi linearization algorithm is set as 1e—7 for the
L, norm of the change in trajectory at the JGL points. Both meth-
ods are implemented on a Pentium 4 2.4-GHz personal computer

Orbut perigee

Fig. 1 Simplified representation of tethered satellite system.

Table 1 Comparison of cost function and CPU

time for stationkeeping example
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NPSOL Proposed method
N J CPU, s J CPU, s
20  11.0382090 2.74 —_— —_—
30 11.0312212 9.32  11.0275088 0.56
40 11.0311210 22.95 11.0310676 1.04
50 11.0311207 4491  11.0311297 1.61
60 11.0311207 78.47 11.0311276 2.39
1 T T T T T T T
< 0.5} i
0 1 1 1 1 1 Il 1 I
a) 0 2 4 6 8 10 12 14 16 18
40 T T T T T T T T
® 20} i
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c) Non-Dimensional Time (rad)

Fig. 2 Retrieval of subsatellite with a flexible tether using receding
horizon control: a) nondimensional tether length, b) inplane tether li-
bration angle, and c¢) nondimensional tether tension.

in MATLAB® 6.5. Table 1 illustrates that the proposed method is
computationally superior to NPSOL and is extremely competitive
in terms of the performance index. Note, however, that the quasi lin-
earization algorithm did not converge for N = 20, whereas the direct
method does. The computation time is still significantly longer for
N =20 for the direct method (2.74 s) than the proposed method for
N =30 (0.56 s). The fact that the algorithm did not converge for
small N is a limitation of the method.

Retrieval control is recognized as more difficult than deployment
control due to its inherent instability. The proposed controller is
applied for the generation of an optimal feedback path online. To
generate an optimal trajectory online, it is necessary to select the
control parameters carefully. The control task is set as follows:

xo =1{0,0,1,0}7, x;=1{0,0,0.050}"  (30)

with
10 0 0
¢ 01 0 0 31
710 0o 10 0 (31
00 0 1
0=1I, R=1, M;=1 (32)

The desired state is set as the desired final state, x; =x;, and the
desired control input is set as the control required to maintain a
constant length tether in the final equilibrium configuration, that is,
uy =0.15. The horizon length is set as T =2 rad, and the degree of
discretization is set as N = 30. Numerical investigation reveals that,
for N =30, o« = f =0.94 is optimum in terms of the rate of conver-
gence for the tether problem. The control input is numerically inte-
grated using ode45 in MATLAB with error tolerances set to 10~'2.
The controller is implemented at nondimensional sampling times of
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0.01 rad and not in a continuous manner. In this paper, we have ig-
nored the computational delay between solving the control problem
and implementation of the control because we are mainly concerned
with the performance of the controller. Simulation parameters for the
flexible model are selected as initial tether length =20 km, tether
stiffness, EA = 60,000 N, subsatellite mass =500 kg, tether mass
density = 1 kg/km, and orbital altitude =400 km.

Numerical results are presented in Fig. 2. Figure 2 demonstrates
the closed-loop stability of the retrieval process using the proposed
control algorithm with a flexible tether. The retrieval time is ap-
proximately two orbits, although it may be noted from Fig. 2a that
the main portion of the retrieval process is accomplished in approxi-
mately one orbit. It can also be seen that the control input and length
variation is very smooth and that the tether tension remains posi-
tive throughout the retrieval process. It is evident that the proposed
controller is able to treat effectively the unmodeled effects of tether
mass and flexibility.

Conclusions

A new method for solving nonlinear receding-horizon control
problems is proposed. The method does not require intensive com-
putation and relies only on the solution of simultaneous linear equa-
tions. The algorithm is shown to be practical for online implementa-
tionin a tether system. The controller is demonstrated in the practical
application of retrieving a flexible tether. The closed-loop perfor-
mance is excellent in the face of unmodeled disturbances due to
tether mass and flexibility.
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Introduction

HE objective of this Note is to present an elegant solution to

a nonlinear estimation scheme that allows the development
of accurate and robust system estimates in the presence of nonlin-
earities, noise, and faults, in real time. Traditional state estimation
for linear systems has a rich, elegant theory, namely, the stochas-
tic Kalman filter. Extension of Kalman filtering theory, especially
guarantees, to nonlinear systems is nontrivial. The extended Kalman
filter (EKF) (see Ref. 1) is an approximate extension of Kalman
filtering techniques to nonlinear systems by linearizing the state
dynamics at each time step. The EKF does not require linearity,
stability, or time invariance of the system; it does require that the
state dynamics are sufficiently differentiable, that is, the Jacobian
exists. Although the EKF is quite flexible and well used in ap-
plications such as radar tracking and global positioning systems,
disadvantages include sensitivities to required a priori information
(initial state and noise environment), which can lead to bias and even
divergence.?

One cause of the poor performance in the EKF is due to the lin-
earization of the model dynamics.® A new nonlinear filter has been
introduced* that is much simpler than the EKF, yet achieves better
performance. Instead of truncating nonlinear dynamics to first order
as with the EKF, the sigma point filter (SPF) [renamed from the un-
scented Kalman filter (see Ref. 4)] approximates the distribution of
the state with a finite set of points. These points, called sigma points,
are then propagated through the nonlinear dynamics. The mean and
covariance of the distribution are then calculated as a weighted sum
and outer product of the propagated points. Because nonlinear dy-
namics are used without approximation, that is, no derivatives are
calculated as in the EKF, it is much simpler to implement and better
results are expected. The performance of the SPF has been shown
to be analytically equivalent to a truncated second-order EKF in
accuracy, but without the need to calculate Jacobians or Hessians
of the dynamics.* A schematic comparison of the SPF and EKF is
given in Fig. 1.

The work here is twofold. First, a square root version of the SPF
is developed. This is an elegant solution to the SPF because of its
dependence on sigma points. Second, the new filter is compared
to the traditional EKF using a variety of metrics to show that it is
an excellent choice for real-time estimation of complex nonlinear
systems. Finally, the square root SPF is implemented on a nonlinear
F-15-like simulation, a good test because of the complex, uncertain,
and dynamic environment, which demonstrates state/parameter es-
timation in the presence of a system fault.
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